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Abstract: Recurrence relations for the coefficients in the asymptotic expansion of a gamma function ratio are derived and a property 
of these coefficients is proved. The Stieltjes fraction for the series is given and a characteristic of the partial numerators is explained. A 
connection between the continued fraction and the error of a particular least squares approximation problem is discussed. 
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1. Introduction 
This short article arises from a similarly titled paper by Bowman and Shenton in this journal, see [ 11, in 
which they studied the ratio of gamma functions 
f(n) = (td”wd 
r(+<n + 1)). 
In their discussion of this function, and others related to it, one of the aspects that Bowman and Shenton 
concerned themselves with was the expansion of f(n) as the asymptotic power series 
f(n)- I+$+$+ ... +“c+ .. . 
nk 
together with the corresponding (Stieltjes) continued fraction 
(3) 
The values of the initial coefficients in each of the expansions are given in [1] and can also be found 
subsequently in this paper. 
The main purpose of this article is to give a recurrence method for the coefficients of the series (2) a 
simpler one than that given in [ 11, and then to prove rigourously a conjecture concerning these coefficients 
that Bowman and Shenton make, and justify by a heuristic approach. These results form the next section. 
In Section 3 it is shown, by way of an application, how the continued fraction expansion for f( - 2n - 3) 
can be used to provide upper and lower error bounds in a particular least squares polynomial approxima- 
tion problem. 
Firsty however, an explanation is given for the fact that the coefficients of the continued fraction (3) 
satisfy 
ff2ktl = -ff2k? k=2,3,4,... 
This property was noticed and described as ‘noteworthy’ by Bowman and Shenton. It is though a direct 
consequence of the fact that f( n) satisfies the reciprocal relation, given in [ 11, 
f(n).f(-n)= 1. 
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Consider the odd contraction of (3) namely 
1- 
%/H ~s~q/n2 cy5(Y6/t12 
1+ 
(a2 + %) 
- 1+ 
(%+%I - 1+ 
(a, + a,) - . . . 
n n n 
The convergents of this continued fraction are the diagonal Pad6 approximants PL.k( l/n ), k = 0. 1, 2,. . . . 
of the series (1). It is well known that the reciprocals of these rational functions in l/n are the diagonal 
Pade approximants for the reciprocal series {f(n)}-'. Hence the convergents of 
1 a2/n a3aq/n2 cy5 a6/nz 
1- 1+ 
(a2 + %3> 
- 1+ 
b4 + as) _ 1 + (%+%I - . 
n n n 
and those of 
1+ Mn ~+Mn2 %%/f12 
l- (a2 + 4 - l- (a, + %I - l- (a, + a,> - . . . 
n n n 
are identical. Thus 
1 -q/n l+(c~+c~)/n = 
l- 
b, + %I I+3 ’ 
n n 
implying that a3 = - ~CQ. Then, by the uniqueness of the continued fraction whose convergents are the 
diagonal PadC approximants, all the subsequent partial denominators must be unity. Hence (Y?~ + , + (Y>,_ = o 
for k = 2, 3, 4,. . . 
The initial part of the continued fraction expansion for f(n) is 
1 l/En 1 l/En 709/968n 709/968n 
f(n)-+_F+F_T+T_ 1 + , _.... 
A second example of this behaviour is in the continued fraction for the exponential function 
1 x 
e;=i_i+ 
+X +X ix +iX TkiX 
1 - 1 +1- -- 1 + 1 -..: 
2. Series coefficients 
Tricomi and Erdelyi [4] derived the following asymptotic expansion of a ratio of gamma functions. If u 
and b are bounded complex numbers, then 
++a) = N-l 
r(z + b) 
ZU-h c (-1) z -“> 
k=O 
]arg(z+a)l<n-.5, E>O 
where B~“-h- ‘) (a) is the generalised Bernoulli polynomial and (b - LI)~ = r( b - a + k )/r( b - u). 
Setting a = 0, b = t and z = f n yields 
r(tn) N-l 
wn + 1)) 
= (+,)y c (_ 1)” B:“‘y% ($q” + (~n)-‘/20(n-“), 
k=O 
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Thus 
f(R) _ F (- $W”(O)(i)~ 
k! 
. ($l_” 
k=O 
or 
f(n) - 1 + f Ah/d 
h=l 
where 
A 
h 
= (-1)hB:‘.“(o)(~)h2”=(_l)~1-3’5”’ (2k-1)By2)(0), 
k! k! 
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(4) 
(5) 
(6) 
It is possible to use the recurrence relationship 
Kk- I)/21 
B;I,/;‘(O) = B;““(O) ‘B;““(O) - + 
Zr+2 
c 
2r+2 
B: !!;,_ , (0) 
r=O 
where B2r+ 2 is the Bernoulli number, to generate the numbers B, (‘/2)(O) appearing in (4). This relation is 
given by Luke [2. p. 221. It is in fact not necessary to know the Bernoulli numbers since they can be 
expressed in terms of the coefficients B, (‘/‘) 0) see below for details. However, when k is odd, the unknown ( , 
Bj:/f)(O) will appear on both sides of the recurrence and the process is somewhat complicated. Things are 
simpler when k is even but not so straightforward as the following method which caters for even and odd 
values of k. 
The generalised Bernoulli polynomials Bi.h ‘(x) satisfy 
B;.“‘(x+y)= i (tjB:“‘,(y)x: 
r=O 
see Luke [2, p. 2 11. Setting a = i, x = - i and y = f yields 
B:“2)(0)= ; (;)B:??(+)(-4)‘. 
r=O 
But 
B:‘_/,“(i) = (- l)“?$‘_/,“(O), 
see [2, p. 201. Hence 
(7) 
When k is odd we obtain 
B:"~'(O) = - + r$, +, ( f) B:!!;‘(O) 
or 
(8) 
The equation (7) for even values of k produces a trivial identity, but we obtain a recurrence for B$:/“(O) 
from one for the coefficients A,. 
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Writing f(n) - ZrZOA,/nk, A, = 1, as in (5). and using the reciprocal propertyf(n) .f( -n) = 1, yields 
AZ, = - c’ (- l)rA,Az,_, (9) 
?-=I 
where C’ denotes that the last term is halved. Then 
B:;“‘(o) = (2j)! A 
1.3....(4j_1) 2.) (10) 
from (6). 
The relations (8) (9) and (10) allow the determination of successive coefficients in the asymptotic 
expansion off(n). 
The Bernoulli numbers can be generated from these series coefficients by setting a = h = f and x = y = 0 
in the relation 
B(.u+h)(x 1-y) = r~o(~)B:u’,(y)B!“‘(x) h 
found in [2, p. 211. Thus 
B:“(O) = i: ( ‘:)Bp;J(o)B(1/2’(o). 
r=O 
(11) 
But Bi’)(x) are the Bernoulli polynomials and setting x equal to zero yields the Bernoulli numbers, and so 
B, = Bi”(0). 
The values of the first sixteen series coefficients are shown in Table 1 and suggest that each coefficient is 
an integer divided by a power of 2. The above recurrence relations allow a proof that this is indeed the 
case. 
Clearly, from (9), if A,, A,, . . . , A,,_, are each an integer divided by a power of 2, then so is A,,. 
Assume that, for some value of j, A,, A,, . . . , A2,_2 are each an integer divided by a power of 2. Then 
consider 
A 
(_1)2’-‘1.3.5. . . . (4j-3) 
2,-l = (2j- l)! 
B;;/‘,‘(O). 
From (8) 
(_l)2’-‘l.3.5. . . . (4j-3) 21-l 
A 2/-l = (2j- l)! 
++> E, + 
and hence, by using (6) 
i 
Zj- 1 
r i 
B:;/:‘_,(O) 
2j- I 
A 2,-l = -t c (-8 
r (4j - 3)(4j - 5). . . (4j - 2r - 1) A 
t-! 
2,-l-r’ 
r= I 
(12) 
This recurrence can, incidentally, be used with (9) to derive all the A,‘s as an alternative to using (8) and 
(10) with (9). It follows from (12) that A2,_, will be an integer divided by a power of two provided that the 
ratio 
(4j-3)(4j-5)... (4j-2r- 1) 
r! 
is, for any j and any r I 2 j - 1, an integer over a power of 2. The following lemma shows that this is the 
case. 
Lemma. The product of any r consecutive odd numbers, divided by r !, i.e. 
(2n+ 1)(2~+3)(2~+5)... (2n+2r- 1) 
r! 
n>O r,O 
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is an odd integer over a power of 2. 
The following proof relies on the property that the product of (2k + 1) consecutive odd numbers divides 
by (2k + 1). 
Proof. Decompose r! into its prime factors, grouping together only the powers of 2. Thus, for example, 27! 
is written as 
223.3.5.3.7.32.5. 11 .3. 13.7.3.5. 17.32. 19.5.3.7. 11 .23.3.5*. 13.33. 
Now let p be any prime number, other than 2, that appears in the decomposition and suppose that ph is the 
largest power of p that occurs. Each pk will divide odd numbers in the numerator at intervals of pk. For 
example, 52 will divide every twenty-fifth factor of the numerator. Clearly there will be sufficient factors in 
the numerator. If k > 1, the prime factor ph ’ will appear exactly p - 1 times in the denominator between 
consecutive factors pk, and each pk ’ will divide into one of the numerator factors between the adjacent 
multiples of pk in the numerator, and again the numbers divided will be at equal intervals, this time of 
P kp’ The same argument applies for pkA2, ph-’ , . . . , p. Since p is prime, dividing the numerator by powers 
of p will not affect the divisibility by powers of the other primes. Hence all the odd primes in the 
decomposition of r! will divide the numerator. •I 
Table 1 
Series coefficients 
k A, k A, 
0 1 
1 l/22 
2 l/25 
3 - 5/27 
4 - 3 x7/2” 
5 3x7x19/2” 
6 11 x 79/2’6 
7. -5* x 1 l* x 13/2’s 
8 - 11 x 13 x 2339/2*’ 
9 11~13~17x11813/2*~ 
10 3X7X13~17X19~667/2*~ 
11 -3’~5X7X13~17X19~29~73/2’~ 
12 -3~5~17~19~23~508~607/2’~ 
13 3~5~17X19~23~3607x17911/2’~ 
14 3~5X17~19~23~131301607/2’~ 
15 -3X52 x 17x 19X23x29* x71 x 127781/24’ 
3. An application 
The Stieltjes fraction corresponding to the asymptotic expansion off ( - 2n - 3) can be easily obtained 
from the continued fraction for f(n), 
Suppose 
Then 
P* = 4 - 2) 3 I%=(%--)/(--2) 
and, for k 2 3, 
B2k_2 + PZk_, =; + a2k-2 +Q2k-’ , 
t-21 
PZk_, . P2k_2 = %k-3 ’ %k- 1 
(-2)’ 
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where the (Y’S are the coefficients in (3). This is a special case of a general result proved in [3]. Thus 
11,‘368n f(_2n_3)_f+!qe ?y!e , 563/368n 
+ _ + 1 + ... 
(13) 
The function f( - 2n - 3) arises in the following situation. 
Consider the problem of estimating the error in least squares polynomial approximation to a function 
g E C’l+‘[ - l,l], and let 
%?‘(g) = ,iz%,llg - 4112 
where P,, is the set of all polynomials of degree n or less. It can be proved that there exists an 5 E ( - 1.1) 
such that 
where 
E,‘2’( g) = s,l”. ]g(n+ ‘)( [)]/I( n + l)! 
S,12’=infII(~-~o)(~-~,)... (x-x,,)I]~ 
and the infimum is taken over all xA such that - 1 I xg I x, I . . . I x,, I 1. 
In [3] it is shown that 
(yZ’= G 
,, ,,.f(-2n - 3). 
2 
and hence the continued fraction (13) provides an asymptotic expansion for a,‘,“. 
The odd contraction of (13) is 
1 _ 1/8n 11,‘256n* 
1+= + li” 
(14) 
16n + 2n ... 
in which all the subsequent partial denominators are 1 + 3/2n. It is easily established that the subsequent 
partial numerators are always positive and hence (14) provides bounding sequences for S,‘,“. the conver- 
gents being multiplied by G/2”+‘. The second and third convergents provide the bounds 
1 + 47,‘16n + 563/256n2 6 .--->s,;“> 1 + 23/16n by .- 
1 + 49/16n + 61 l/256n2 2”+’ 1 + 25/16n 2”” ’ 
Even for small values of n sharp bounds are obtained. For example, when n = 2 the above yields 
0.2138095 > S,l”> 0.213783. 
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